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Diabatic heating fromdeepmoist convection in the hurricane eyewall produces a towering annular structure of
elevated potential vorticity (PV).�is structure has been referred to as a hollow PV tower. �e sign reversal of
the radial gradient of PV satis�es the Charney-Stern necessary condition for combined barotropic-baroclinic
instability. For thin enough annular structures, small perturbations grow exponentially, extract energy from
the mean �ow, and lead to hollow tower breakdown, with signi�cant vortex structural and intensity change.
�e three-dimensional adiabatic rearrangements of two prototypical hurricane-like hollow PV towers (one
thick and one thin) are examined in an idealized framework. For both hollow towers, dynamic instability
causes air parcels with high PV to be mixed into the eye preferentially at lower levels, where unstable PV wave
growth rates are the largest. Little or no mixing is found to occur at upper levels. �e mixing at lower and
middle levels is most rapid for the breakdown of the thin hollow tower, consistent with previous barotropic
results. For both hollow towers, this advective rearrangement of PV a�ects the tropical cyclone structure and
intensity in a number of ways. First, the minimum central pressure and maximum azimuthal mean velocity
simultaneously decrease, consistent with previous barotropic results. Secondly, isosurfaces of absolute angular
momentum preferentially shi� inward at low levels, implying an adiabaticmechanism bywhich hurricane eye-
wall tilt can form. �irdly, a PV bridge, similar to that previously found in full-physics hurricane simulations,
develops as a result of mixing at the isentropic levels where unstable PV waves grow most rapidly. Finally, the
balanced mass �eld resulting from the PV rearrangement is warmer in the eye between 900 and 700 hPa. �e
location of this warming is consistent with observed warm anomalies in the eye, indicating that in certain in-
stances the hurricane eye inversion is enhanced through PVmixing on isentropic surfaces and is thus partially
dynamically controlled.
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1. Introduction

One of the important challenges associated with tropical cy-
clone forecasting is rapid variability in structure and inten-
sity. �is is especially important when an intense hurricane
is approaching a densely populated land mass. One dynami-
cal mechanism known to produce such variability is potential
vorticity (PV) mixing between the eyewall and the eye. PV
in the eyewall is continually produced by deep cumulonim-
bus convection, resulting in a hollow tower structure that ex-
tends from the lower to middle troposphere (Schubert and
Alworth 1987, Möller and Smith 1994). �e sign reversal of
the radial gradient of PV satis�es the Charney-Stern neces-
sary condition for combined barotropic-baroclinic instability
(Eliassen 1983, Montgomery and Shapiro 1995). If the ring of
enhanced PV is narrow enough, the hollow tower may break
down, causing air parcels with high PV to be mixed into the
eye. Full-physics numerical simulations of hurricanes typi-
cally show high PV at lower levels of the eye, which can take

This work is licensed under a Creative
Commons Attribution 3.0 License.

the form of a bridge (e.g., see Fig. 1, which is reproduced from
Yau et al. 2004). Presumably, the high PV in the eyemust have
been mixed there from the eyewall, since there is no mecha-
nism to generate such large PV in the eye once it has formed.

�e calculation of hurricane inner-core PV from observa-
tions has been di�cult due to sparseness of the data.�e sym-
metric PV �eld inHurricaneGloria (1985) was constructed by
Shapiro and Franklin (1995) using wind analyses, dropwind-
sondes, and airborne Doppler radar data. While their data
was not able to capture intricate details in the inner-core re-
gion, they were able to show large PV existed in the core, with
a monotonic decrease moving radially outward to 500 km.
More recently, Bell and Montgomery (2008) have calculated
PV from in situ �ight level and dropwindsonde observations
of Hurricane Isabel (2003) in the inner-core region to approx-
imately 4 km in height. �eir results showed a hollow radial
pro�le of PV with two maxima, at heights of approximately 1
and 3 km.�e lower PVmaximumwas shown to be primarily
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Figure 1. Azimuthal mean potential vorticity (in PV units) from
a full-physics numerical simulation of Hurricane Andrew. Repro-
duced from Yau et al. (2004).

due to the large vorticity in the inner eyewall, while the PV
maximum at 3 km was thought to have been enhanced by
the large static stability associated with the thermal inversion
layer in the eye. Moreover, the PVmaximumat 3 kmextended
farther into the eye, creating a bridge-like structure similar to
that found by Yau et al. (2004).

�e barotropic or combined barotropic-baroclinic insta-
bility of hurricane-like vorticity rings and subsequent vortic-
ity mixing has been the subject of a number of recent the-
oretical, numerical, observational and experimental studies
(Guinn 1992, Schubert et al. 1999, Kossin and Schubert 2001,
Kossin and Eastin 2001, Montgomery et al. 2002, Terwey
and Montgomery 2002, Kossin et al. 2002, Nolan and Mont-
gomery 2002, Nolan and Grasso 2003, Kossin and Schubert
2004, Rozo� et al. 2009, Hendricks et al. 2009). While much
of this prior work has focused on examining vortex stabil-
ity and asymmetric mixing in a barotropic framework, Nolan
and Montgomery (2002), Nolan and Grasso (2003), Schecter
andMontgomery (2004), and Hodyss and Nolan (2008) have
examined the stability of three-dimensional tropical storm
and hurricane-like vortices to unbalanced perturbations. An
important conclusion of their work is that unstable modes on
PV rings are o�en close analogs to their barotropic counter-
parts, although a more complicated Rossby-inertia-buoyancy
type of instability can also occur onmonotonic radial pro�les
of PV. Linear and nonlinear model simulations were also per-
formed to examine both the e�ects of symmetric and asym-
metric perturbations on vortex structure and intensity.

In the present work, we examine vortex structural and
intensity change that can arise from dynamic instability of
three-dimensional hurricane-like hollow PV towers in an un-
forced adiabatic framework. While diabatic heating in the
eyewall generates and maintains the hollow tower, our goal
is to understand the three-dimensional, adiabatic, PVmixing

process that ensues when the hollow towers break down. �is
work complements previous barotropic studies by examining
PV mixing in a continuously strati�ed �uid. �e PV mix-
ing process is studied here in a dynamically clean framework
by using an isentropic coordinate primitive equation model
with minimal non-conservative e�ects. In this manner, the
hurricane inner-core dynamics are examined in a canonical
form by making PV maps on isentropic surfaces (Hoskins
et al. 1985). In Section 2, we present the primitive equation
model used in this study. �e nonlinear evolution of the two
prototypical hurricane-like hollow PV towers are presented
and discussed in Section 3. In Section 4, azimuthal mean di-
agnostics of the simulations are presented to understand the
relative roles of mean and eddy processes in the vortex struc-
ture and intensity change. Finally, the conclusions are given
in Section 5.

2. Primitive equation model

2.1. Governing equations

We consider adiabatic, quasi-hydrostatic motions of a com-
pressible atmosphere on an f -plane. Using the potential tem-
perature θ as the vertical coordinate, the equations for the
eastward velocity component u and the northward velocity
component v are

∂u
∂t
− ( f + ζ)v + ∂

∂x
[M + 1

2 (u2
+ v2)] = 0, (2.1)

∂v
∂t
+ ( f + ζ)u + ∂

∂y
[M + 1

2 (u2
+ v2)] = 0, (2.2)

where ζ = ∂v/∂x − ∂u/∂y is the isentropic relative vorticity,
M = θΠ+Φ is theMontgomery potential, Π(p) = cp(p/p0)κ
is the Exner function, Φ is the geopotential, and the Coriolis
parameter is chosen to be f = 5 × 10−5 s−1.

�e numerical model used here is based on the vortic-
ity/divergence form of the primitive equations. �e equations
for the isentropic relative vorticity and the isentropic diver-
gence δ = ∂u/∂x + ∂v/∂y are easily derived from (2.1) and
(2.2), and can be written in the form

∂ζ
∂t
+

∂[( f + ζ)u]
∂x

+

∂[( f + ζ)v]
∂y

= 0, (2.3)

∂δ
∂t
−

∂[( f + ζ)v]
∂x

+

∂[( f + ζ)u]
∂y

+∇
2 [M + 1

2 (u2
+ v2)] = 0, (2.4)

where u, v , ζ , δ are expressed in terms of the velocity potential
χ and the streamfunction ψ as

u =
∂χ
∂x
−

∂ψ
∂y

, v =
∂χ
∂y
+

∂ψ
∂x

, (2.5)

ζ = ∇2ψ, δ = ∇2 χ. (2.6)
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�e hydrostatic and continuity equations are

∂M
∂θ
= Π, (2.7)

∂σ
∂t
+

∂(σu)
∂x

+

∂(σv)
∂y

= 0, (2.8)

where σ = −g−1(∂p/∂θ) is the pseudodensity. Equations
(2.3)–(2.8), along with the de�nitions of σ and Π, constitute
a closed system in the three prognostic variables ζ , δ, σ and
the seven diagnostic variables χ,ψ, u, v ,M , Π, p. Note that all
variables are functions of x , y, θ , t, and all horizontal deriva-
tives and time derivatives are taken on isentropic surfaces.
Also note that a considerable simpli�cation of the above equa-
tions has occurred because of the assumption θ̇ = 0.

�e potential vorticity principle, obtained by eliminating
the isentropic divergence between (2.3) and (2.8), is

DP
Dt
= 0, (2.9)

where P = ( f + ζ)/σ is the potential vorticity, and where
D/Dt = (∂/∂t)+u(∂/∂x)+v(∂/∂y) is thematerial derivative.
�is material conservation relation indicates that the system
(2.3)–(2.8) describes the PVmixing process in its purist form.

2.2. Discretization

�e model is vertically discretized using the grid shown in
Fig. 2, with vorticity and divergence de�ned on 19 integer lev-
els and pressure de�ned on the associated half-integer levels
(Hsu and Arakawa 1990). �e top boundary is assumed to
be both an isentropic and isobaric surface, with θT = 360 K
and pT = 106 hPa. �e lower boundary was assumed to be
the isentropic surface θB = 298 K, along which the pressure
is variable in (x , y, t). �e potential temperatures on the 19
integer levels are 298.5, 299.5, 300.5, 301.5, 303.0, 305.0, 307.0,
309.0, 311.0, 313.0, 315.0, 317.0, 319.5, 323.0, 327.5, 333.0, 339.5,
347.0, 355.5 K, which gives the �nest vertical resolution in the
lower troposphere where the most intense PVmixing occurs.

�e horizontal discretization is based on a double Fourier
pseudospectralmethod having 384×384 equally spaced collo-
cation points on a doubly periodic horizontal domain of size
600 km × 600 km, which results in a 1.56 km spacing between
points. For quadratic nonlinearities, this grid gives 128 × 128
alias-free modes. �e use of this double Fourier pseudospec-
tral method makes it a simple matter to invert the relations
∇

2ψ = ζ and ∇2 χ = δ to obtain new values of the stream-
function ψ and the velocity potential χ a�er new values of ζ
and δ have been predicted from (2.3) and (2.4). During PV
mixing there is a cascade of potential enstrophy to the high-
est resolved wavenumbers. To avoid spectral blocking, we
have included the ordinary di�usion terms ν∇2ζ , ν∇2δ, and
ν∇2σ on the respective right hand sides of (2.3), (2.4), and
(2.8), with the value of the di�usion coe�cient chosen to be
ν = 100 m2 s−1. �is value of the di�usion coe�cient results

in a 1/e damping time of 93minutes for all modes having total
wavenumber 128.

A third order Adams-Bashforth explicit scheme (Dur-
ran 1991) is used for the time discretization needed in (2.3),
(2.4), and (2.8). Because this primitive equationmodel allows
rapidly propagating Lambwaves and uses an explicit time dif-
ferencing scheme, the CFL condition requires a rather small
time step.�emodel simulations shown here used a time step
of 1 s.

Since inertia-gravity waves can be generated during PV
mixing, a sponge layer was used near the lateral boundaries
to minimize the false reappearance of these waves in the inte-
rior region of the model. It should be noted that the strict
material conservation relation (2.9) is compromised by the
use of a sponge layer near the domain edge and by the addi-
tion of ordinary di�usion terms to the right hand sides of (2.3)
and (2.8). However, experience with the model indicates that
these nonconservative e�ects are so weak that, for practical
purposes, we can consider (2.9) to be satis�ed. More infor-
mation on the discretizations used in the model can be found
in Hendricks (2008).

2.3. Initial conditions

Because the model contains the three prognostic equations
(2.3), (2.4), and (2.8), we must specify the three initial
�elds ζ(x , y, θ , 0), δ(x , y, θ , 0), and σ(x , y, θ , 0). To reduce
the amount of inertia-gravity wave activity, we have chosen
δ(x , y, θ , 0) = 0, so that χ(x , y, θ , 0) = 0 and the entire
initial wind �eld is determined by ζ(x , y, θ , 0), or equiva-
lently ψ(x , y, θ , 0). Two di�erent initial conditions on ζ were
chosen—one resulting in a thick PV tower and the other re-
sulting in a thin PV tower. �ese initial conditions are three-
dimensional generalizations of the two-dimensional vorticity
rings used in Schubert et al. (1999).�e inner region is the low
vorticity eye, the middle region is the high vorticity eyewall,
and the outer region is the low vorticity environment. Hurri-
canes have o�en been observed to have such hollow pro�les
(Kossin and Eastin 2001). Using polar coordinates with the
origin located at the center of the model domain, the initial
condition for the isentropic relative vorticity has the separa-
ble form ζ(r, ϕ, θ , 0) = [ζsym(r)+ζpert(r, ϕ)]Θ(θ), where the
radial structure of the axisymmetric part is given by

ζsym(r) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

0 0 ≤ r ≤ r1

ζ2S( r2−r
r2−r1
) r1 ≤ r ≤ r2

ζ2 r2 ≤ r ≤ r3 ,

ζ2S( r−r3
r4−r3
) + ζ3S( r4−r

r4−r3
) r3 ≤ r ≤ r4

ζ3 r4 ≤ r

(2.10)

and the vertical structure is given by

Θ(θ) =
⎧⎪⎪⎪⎨⎪⎪⎪⎩

1 θB ≤ θ ≤ θref

exp [− 1
2 ( θ−θ ref20 K )

2] θref ≤ θ ≤ θT .
(2.11)
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Figure 2. The vertical staggering of variables in the isentropic primitive equation model. The prognostic variables ζ , δ, σ are carried on
the integer levels l = 1, 2,⋯, L, where we have chosen L = 19. Pressure is carried on the half-integer levels. The model top is assumed to
be both an isentropic and an isobaric surface, with θT = 360 K and pT = 106 hPa. Pressure varies on the lower isentropic surface θB = 298
K.

Here, S(s) = 1 − 3s2 + 2s3 is a cubic shape function that pro-
vides smooth transition zones, and θref = 302 K. For the thick
hollow tower, ζ2 = 0.0021 s−1 and r1 , r2 , r3 , r4 = 20, 24, 38, 42
km, respectively. For the thin hollow tower, ζ2 = 0.0045 s−1
and r1 , r2 , r3 , r4 = 30, 34, 38, 42 km, respectively. �e average
vorticity over 0 ≤ r ≤ r4 is the same for both hollow towers, so
that both vortices have a maximum initial velocity of approx-
imately 30 m s−1. Because of the doubly periodic boundary
conditions, the net circulation around the domain boundary
vanishes on each isentropic surface, i.e., the horizontal aver-
age of the isentropic relative vorticity vanishes on each isen-
tropic surface. �us, a�er speci�cation of r1 , r2 , r3 , r4 and ζ2,
the constant ζ3 is determined in such a way as to make the
domain average of ζsym(r) vanish. �is leads to a value of ζ3
that is negative, but its magnitude is small because the area
outside r = r4 is approximately 64 times larger than the area
inside r = r4.

To initialize the σ �eld we �rst solve the isentropic co-
ordinate version of the nonlinear balance equation as a two-
dimensional Poisson equation for M, i.e.,

∇
2M = 2

⎡⎢⎢⎢⎢⎣
∂2ψ
∂x2

∂2ψ
∂y2
− ( ∂2ψ

∂x∂y
)
2⎤⎥⎥⎥⎥⎦

+ f (∂
2ψ
∂x2
+

∂2ψ
∂y2
) ,

(2.12)

where ψ is the streamfunction associated with the initial ax-
isymmetric part of the vorticity �eld, ζsym(r)Θ(θ). �e so-
lution of (2.12), obtained at each integer level in the verti-
cal, gives the initial M �eld to within an additive function

of θ. �is additive function was determined so that the hor-
izontal area average of M over the 600 km × 600 km do-
main resulted in a vertical thermodynamic pro�le in agree-
ment with the Jordanmean sounding. WithM(x , y, θ , 0) de-
termined in this way, the σ(x , y, θ , 0) can be obtained from
σ = −(p/κΠ)(∂2M/∂θ2), completing the initialization of the
prognostic variables, except for the perturbation part of the
vorticity, which was added to help initiate the instabilty pro-
cess. �is unbalanced, weak perturbation was added to the
axisymmetric part of the vorticity at each isentropic level in
the form

ζpert(r, ϕ) = ζampF(r)
12
∑
n=1

cos(nϕ + φn), (2.13)

where

F(r) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

0 0 ≤ r ≤ r1 ,

S( r2−r
r2−r1
) r1 ≤ r ≤ r2 ,

1 r2 ≤ r ≤ r3 ,

S( r−r3
r4−r3
) r3 ≤ r ≤ r4 ,

0 r4 ≤ r,

(2.14)

ζamp = 1.0 × 10−5 s−1, and φn is a random phase factor. �is
asymmetry in the initial vorticity, which mimics background
noise associated with deep convection, is so weak that it is
hardly detectable in the panels shown in Figs. 3 and 6.

JAMES Vol. 2 2010 adv-model-earth-syst.org
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Figure 3. The initial condition for the thick PV hollow tower. Panels: azimuthal mean PV (top left), azimuthal mean tangential velocity
with isosurfaces of normalized absolute angularmomentum (top right), PV on the 303 K surface (bottom left), and PV on the 333K surface
(bottom right).

3. Nonlinear evolution of initially hollow
PV structures

We now describe the evolution of the thick and thin PV tow-
ers over a 48 h period. �e thick tower evolution is shown in
Figs. 3–5, while the thin tower evolution is shown in Figs. 6–9.
�ere are four panels in each �gure. �e top le� panel is the
azimuthal mean PV, the top right panel is the azimuthal mean
tangential velocity (shaded) with contours of azimuthal mean
absolute angular momentum (in units of 106 m2 s−1), the bot-
tom le� panel is the PV at the 303 K isentropic level (the 5th
integer level from the surface), and the bottom right panel
is the PV at the 333 K isentropic level (the 4th integer level
from the top). We have chosen to present the output in the

model’s native θ-coordinate. However, note that the geopo-
tential varies on θ-surfaces. In particular, at middle levels,
the geopotential height of each θ-surface is lower at the vortex
center than at the boundaries, giving the vortex a warm-core.
Potential vorticity magnitudes are expressed in potential vor-
ticity units (PVU), where 1 PVU = 10−6 m2 K kg−1 s−1.

Before discussing the nonlinear evolution of each hollow
tower, it is �rst insightful to examine how small amplitude un-
stable PV waves grow in each layer. �e linear stability anal-
ysis of Schubert et al. (1999) indicates that, in a barotropic
context, the unstable vorticity wave growth rate is a function
of the average inner-core vorticity, azimuthal wavenumber,
the ring thickness, and the ring hollowness (i.e., the ratio of
eye vorticity to average inner-core vorticity). Generally, the
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6 Hendricks and Schubert

Figure 4. As in Fig. 3, but at t = 8 h.

largest growth rates occur for disturbances on thinner and
hollower rings, and there is also a tendency for the most un-
stable mode to be at a higher azimuthal wavenumber (see also
Fig. 2 of Hendricks et al. 2009). We expect these barotropic
results to be an adequate general guide to the present hollow
PV towers, only in this case unstable PV waves may grow on
PV rings in di�erent isentropic layers. An important �nd-
ing from Schubert et al. (1999) was that unstable wave growth
rates were directly proportional to the average inner-core (eye
and eyewall) vorticity. As we shall see, this will have a pro-
found e�ect on determining the spatial distribution of PV at
48 h: the rearrangement of PV rings near the surface will oc-
cur more rapidly than at middle levels because the vorticity
(and radial shear of the tangential wind) is larger there.

�e thick hollow tower was constructed with a thickness

parameter δ = (r1 + r2)/(r3 + r4) = 0.55. Based on the linear
stability analysis, this vortex is most unstable to wavenum-
ber n = 3 in each isentropic layer, with e-folding times of 1.4
h at the surface and 3.7 h at θ = 330 K, respectively. Note
that e-folding times were calculated using the Schubert et al.
(1999) growth rate equation with the average inner-core vor-
ticity in the isentropic layer. �e thin hollow tower was con-
structed with a thickness of δ = 0.80. �is vortex is most
unstable to wavenumber n = 5 in each isentropic layer, with
e-folding times of 0.3 h at the surface and 0.9 h at θ = 330
K, respectively. As stated earlier, there also exists a more in-
tricate Rossby-inertia-gravity wave instability in these baro-
clinic vortices. However this instability is very sensitive to dif-
fusive damping (Hodyss and Nolan 2008); for the di�usivity
of ν = 100 m2 s−1 used in these experiments, we would not
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Figure 5. As in Fig. 3, but at t = 48 h.

expect this instability to be important for PV wave growth.
Finally, the existence of vertical shear in the vortex allows for
the possibility of a combined barotropic-baroclinic instabil-
ity, with disturbance PV tilting against both the horizontal
and vertical shear of the tangential wind. Since the vertical
shear of the tangential wind in these vortices (and, in nature)
is much smaller than the radial shear, we expect that the in-
stability will be mostly barotropic in nature (cf. Nolan and
Montgomery 2002).

3.1. Thick hollow tower

�e initial condition for the thick hollow tower is shown in
Fig. 3. �e PV is concentrated in the radial zone of cyclonic
shear and curvature vorticity between r = 20 and r = 40 km,
and is maximized at 305 K, even though the vortex winds are

maximum and equal from the surface to 302 K, before decay-
ing above 302 K. PV is maximized at 305 K because of the
balanced pseudodensity �eld, which has increased static sta-
bility above the surface. Aswewill soon see, unstable PVwave
growth rates will be largest at this level, causing enhanced PV
mixing there, and forming a PV bridge across the eye. In the
bottom two panels of Fig. 3, horizontal slices of PV are shown
at θ = 303K and θ = 333 K.Note that rather thick PV rings are
evident at both these levels, with larger PV near the surface.

Figure 4 shows the unforced evolution of the thick hollow
tower at t = 8 h. At this time, the most unstable wavenumber
n = 3 is visible. As the inner PV wave breaks cyclonically, PV
becomes pooled into three regions, and low PV air from the
eye is drawn into the eyewall in the form of �laments. As this
PV ring begins to break down, the PV tower begins to shi� in-
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Figure 6. The initial condition for the thin PV hollow tower. Panels: azimuthal mean PV (top left), azimuthal mean tangential velocity
with isosurfaces of normalized absolute angularmomentum (top right), PV on the 303 K surface (bottom left), and PV on the 333K surface
(bottom right).

ward at low levels (see the top le� panel of Fig. 4). In response
to the PV at lower levels starting to be mixed into the eye, the
absolute angular momentum surfaces begin to shi� inward
at lower levels. At this time, the middle level PV ring is still
nearly annular, although a hint of a slower growingwavenum-
ber 3 mode is evident.

Figure 5 shows the evolution at t = 48 h. At this time,
the low level PV ring has nearly symmetrized to a monopole,
while the upper level ring is beginning to break down at az-
imuthal wavenumber 3. �e result of the PV mixing during
previous hours is evident in the azimuthal mean PV and tan-
gential velocity plots (top panels). A bridge of high PV now
crosses the eye at approximately θ = 305 K, and signi�cant
PV mixing between the eyewall and eye has occurred in the

interval 298.5 ≤ θ ≤ 332 K. Above θ = 332 K, PV rings are just
beginning to break down, but mixing has not yet occurred
between the eyewall and eye. In response to preferential mix-
ing at lower levels, the azimuthal mean tangential velocity has
increased in the eye. Note also that iso-surfaces of absolute
angular momentum now tilt outward with increasing height
over the depth of the troposphere.

3.2. Thin hollow tower

�e initial condition for the thin PV tower is shown in Fig. 6.
Note that in this case the maximum PV is larger (28 PVU),
and the radial zone of cyclonic shear and curvature vorticity
is narrower. In the bottom two panels, the low and middle
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Figure 7. As in Fig. 6, but at t = 4 h.

level PV rings are shown. Note that the PV rings are quite
thin and that the low level PV ring is more intense.

Figure 7 shows the evolution of thin hollow tower at t = 4
h. At this time the low level PV ring has become most un-
stable to an azimuthal wavenumber-5 PV wave and has rolled
up into multiple mesovortices. At this time, the upper level
PV ring is still annular, although a hint of a slower growing
PV wave is evident. Figure 8 shows the evolution of the thin
hollow tower at t = 12 h. At this time the low level mesovor-
tices have rapidly merged into a monopole. Because of the
progression of the instability on the middle level PV ring, it
has now broken down into �ve mesovortices. �e instability
progresses more slowly at middle levels because the average
inner-core PV at this level is smaller. In response to the rapid
PV mixing at lower levels, a rather prominent PV bridge has

formed across the eye, and the entire PV tower now tilts out-
ward from lower to upper levels. A signi�cant spin-up of the
low level outer eye has already occurred in response to the
lower tropospheric PV mixing, and angular momentum sur-
faces tilt outward with increasing height.

Figure 9 shows the evolution of the thin hollow tower at
t = 48 h. At this time, both the low and middle level PV rings
have symmetrized into monopoles (bottom panels). �e az-
imuthalmean PV now hasmonopolar radial pro�les from the
surface to θ = 345 K, indicating that PV mixing has occurred
between the eye and eyewall over a large portion of the tro-
posphere. �e PV bridge that formed earlier still exists across
the eye at θ = 305 K.�e azimuthal mean tangential velocity
is similar to what it was at t = 12 h, but spin-up has now also
occurred at middle levels as the midlevel PV rings rolled up
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Figure 8. As in Fig. 6, but at t = 12 h.

into mesovortices, which, a�er persisting for approximately
18 h, �nally merged into a monopole.

3.3. Vortex intensity change

�e change in maximum azimuthal mean azimuthal velocity
(v̄max) and minimum surface pressure (pmin) were examined
for each hollow tower. �e thick tower had an initial inten-
sity of v̄max = 30.9 m s−1 and pmin = 1001.3 hPa. At t = 48
h, the new values were v̄max = 26.3 m s−1 and pmin = 998.0
hPa, or changes of −4.6 m s−1 and −3.3 hPa, respectively. �e
thin PV tower had an initial intensity of v̄max = 30.5 m s−1
and pmin = 1002.7 hPa. At t = 48 h, the new values were
v̄max = 23.5 m s−1 and pmin = 997.2 hPa, or changes of −7.0
m s−1 and −5.5 hPa, respectively. Note that the environmental
surface pressure is approximately 1013 hPa.

For both hollow towers themaximumazimuthalmean az-
imuthal velocity and minimum central pressure decreased in
tandem during PV mixing, and the decreases were most pro-
nounced for the breakdown of the thin hollow tower. �ese
results are consistent with the barotropic �ndings of Kossin
and Schubert (2001) and Hendricks et al. (2009). �e simul-
taneous decreases of minimum pressure and maximum wind
present con�icting viewpoints of TC intensi�cation. By min-
imum central pressure, both vortices intensi�ed, but by max-
imum wind, both vortices weakened. However, these results
are consistent with the �nal gradient and hydrostatically bal-
anced states. �e lower central pressures are due to the com-
bined e�ects of the larger centrifugal term and warmer air
(see next subsection) at middle levels in new balanced mass
and wind con�gurations of the �nal PV �elds. In any event,

JAMES Vol. 2 2010 adv-model-earth-syst.org



Hollow PV towers 11

Figure 9. As in Fig. 6, but at t = 48 h.

these results indicate that large pressure falls can happen dur-
ing the breakdown of thin three-dimensional hollow towers
in an adiabatic framework.

3.4. Eye vertical profiles

At lower levels, observed hurricane eyes typically have a tem-
perature inversion that separates the moist cloudy air below
from the clear dry air above (Jordan 1952, Willoughby 1998).
�e height of the inversion can vary but typically it is near 850
hPa. Figure 10 shows two examples of this inversion structure,
taken from eye soundings in Hurricanes Jimena (1991) and
Olivia (1994). �e pro�le for Jimena is more characteristic of
an intensifying tropical cyclone, while the pro�le for Olivia
is more characteristic of a steady-state or weakening tropical
cyclone (Willoughby 1998). Note that a sharp inversion (ap-

proximately 3 K) exists near 850 hPa for Jimena. As a conse-
quence of PVmixing between the eyewall and eye, signi�cant
structural change has been shown to occur for both the thick
and thin PV towers in our idealized simulations. In this sub-
section, we explore the idea that the hurricane eye tempera-
ture inversion discussed above may be at least partially under
the dynamical control of the PV mixing process.

When potential vorticity is advected in a quasi-balanced
�ow, the invertibility principle indicates that new balanced
wind and mass �elds quickly adjust to support the new PV
distribution. At any given time and spatial point, the PV can
be considered to be the product of two factors: the isentropic
absolute vorticity ( f + ζ) and the static stability −g(∂θ/∂p).
�e latter factor becomes large when θ surfaces are packed to-
gether tightly in the vertical. Solution of the invertibility prin-
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Figure 10. Observed eye soundings in Hurricanes Jimena (1991) and Olivia (1994). Reproduced fromWilloughby (1998).

ciple can then be viewed as a mathematical procedure that
partitions the PV at each point into its two factors ( f + ζ)
and −g(∂θ/∂p). �us, when the PVmixing process enhances
the PV at low levels in the eye, we should expect this local
PV increase to show up as simultaneous increases in both the
isentropic absolute vorticity ( f + ζ) and the static stability
−g(∂θ/∂p). In this sense, the mixing of high PV into the core
at low levels can result in high static stability there, i.e., there is
the possibility of a dynamically induced inversion, as opposed
to a thermodynamically induced inversion.

Figure 11 shows vertical temperature pro�les in the eye,
before and a�er PVmixing for the thick and thin hollow tow-
ers. For both towers, the balanced mass �eld a�er PV mix-
ing yielded warming from approximately 950 to 700 hPa. �e
thick tower exhibited peak warming of approximately 3 K at
850 hPa, while the thin tower exhibited peak warming of 6
K at 850 hPa. In both cases, weak inversions formed near this
level.�e location of these inversions is consistent with obser-
vations of many hurricanes (Willoughby 1998). However, in
real hurricanes the thermally indirect transverse circulation
associated with eyewall diabatic heating induces eye warming
through subsidence, a process that has been neglected in the
adiabatic model runs presented here. �us, the model results
shown here indicate that PV mixing complements diabatic
processes, and thus help explain why observed eye temper-
ature inversions near 850 hPa are so strong. Based on obser-
vations, Willoughby (1998) found that hurricanes with strong
eye temperature inversions were typically intensifying while
hurricaneswithweaker temperature inversionswere steady or

weakening. Since we have documented that both large pres-
sure falls and signi�cant warming at 850 hPa can result from
PV mixing, the existence of a strong hurricane eye inversion
signi�es a deepening central pressure via this internal mixing
mechanism.

4. Azimuthal mean diagnostics

In this section, angular momentum budgets are performed
to assess the relative roles of mean and eddy processes in the
change of angular momentum due to PV mixing. Since it has
been shown in the previous section that the adiabatic evolu-
tion of hollow towers is fundamentally an asymmetric pro-
cess, we expect a dominant contribution from the eddy term
to the total change in azimuthal mean angular momentum.
�e diagnostic analysis presented here is based on azimuthal
averaging along isentropic surfaces, which leads to a compact
and elegant form of wave-mean �ow interaction theory (An-
drews 1983, Tung 1986, Andrews et al. 1987).

4.1. Azimuthal mean equations

�e cylindrical coordinate versions of equations (2.1), (2.2),
(2.7), and (2.8) are

∂u
∂t
− σPv + ∂

∂r
[M + 1

2 (u2
+ v2)] = 0, (4.1)

∂v
∂t
+ σPu + ∂

r∂ϕ
[M + 1

2 (u2
+ v2)] = 0, (4.2)
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Figure 11. Eye vertical temperature profiles at t = 0 h (solid curve; before PVmixing), and at t = 48 h (dashed curve; after PV mixing) for
the thick (left panel) and thin (right panel) hollow towers.

∂M
∂θ
−Π = 0, (4.3)

∂σ
∂t
+

∂(rσu)
r∂r

+

∂(σv)
r∂ϕ

= 0, (4.4)

where u and v are now the radial and azimuthal velocity com-
ponents, andwhere, for the simpli�ed diagnostic analysis pre-
sented here, we have continued to neglect any nonconserva-
tive e�ects on the right hand sides of (4.1), (4.2), and (4.4).
To derive the azimuthal mean equations from (4.1)–(4.4) we
shall de�ne two types of azimuthal average—an ordinary av-
erage on an isentropic surface and a mass-weighted average
on an isentropic surface. For example, the ordinary azimuthal
average of v is de�ned by

v̄(r, θ , t) = 1
2π ∫ 2π

0
v(r, ϕ, θ , t) dϕ. (4.5)

For the radial wind u, themass-weighted azimuthal average is
de�ned by û = σu/σ̄ . �e deviation from the ordinary aver-
age is de�ned by v′ = v − v̄, and the deviation from the mass-
weighted average is de�ned by u∗ = u − û. Similar de�nitions
hold for the other variables.

Applying ( ) to each term in (4.4) and noting that σu =
σ̄ û, we can write the azimuthal mean mass continuity equa-
tion as

∂σ̄
∂t
+

∂(rσ̄ û)
r∂r

= 0. (4.6)

Similarly, applying ( ) to each term in (4.2) and noting that
σPu = σ̄ P̂û+σP∗u∗ we canwrite the azimuthal mean v equa-
tion as

∂v̄
∂t
+ ( f + ζ̄)û = −σP∗u∗ . (4.7)

Equations (4.6) and (4.7) can also be written in the advec-
tive forms (4.13) and (4.11), whereD/Dt and G are de�ned in
(4.14) and (4.16).

Now consider the radial momentum equation. Since both
(4.6) and (4.7) contain û, we would like to transform (4.1) into
a prediction equation for û. �is requires putting (4.1) into a
�ux form before taking the azimuthal average. �us, combin-
ing (4.1) and (4.4), we obtain the �ux form

∂(σu)
∂t

+

∂(rσuu)
r∂r

+

∂(σvu)
r∂ϕ

− ( f + v
r
) σv + σ ∂M

∂r
= 0.

(4.8)

Taking the azimuthal average of (4.8), we obtain

∂(σu)
∂t

+

∂(rσuu)
r∂r

− ( f + v
r
) σv + σ ∂M

∂r
= 0. (4.9)

Noting that σu = σ̄ û, σuu = σ̄ ûû + σu∗u∗, σ(∂M/∂r) =
σ̄(∂M̄/∂r)+σ ′(∂M′/∂r), and using the azimuthalmean con-
tinuity equation (4.6), we obtain the advective form (4.10).

Collecting the above results, and taking the azimuthal av-
erage of (4.3), we obtain the complete set of azimuthal mean
equations

Dû
Dt
− ( f + v̄

r
) v̄ + ∂M̄

∂r
= F , (4.10)

Dm̄
Dt
= rG , (4.11)

∂M̄
∂θ
−Π(p̄) = Π(p) −Π(p̄), (4.12)

Dσ̄
Dt
+ σ̄ ∂(rû)

r∂r
= 0, (4.13)

where
D
Dt
=

∂
∂t
+ û

∂
∂r

(4.14)
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is the azimuthal mean material derivative, m̄ = rv̄ + 1
2 f r

2 is
the azimuthal mean absolute angular momentum, and where

F = − 1
σ̄

⎡⎢⎢⎢⎢⎣
∂(rσu∗u∗)

r∂r
− ( f + v̄

r
) σ ′v′

−

(σv)′v′
r

+ σ ′ ∂M
′

∂r

⎤⎥⎥⎥⎥⎦

(4.15)

and
G = −σP∗u∗ (4.16)

are the eddy-induced e�ective mean radial and azimuthal
forces per unit mass. Equations (4.10)–(4.13) have the form
of the axisymmetric primitive equations for û, v̄, M̄, p̄, all
of which are functions of (r, θ , t). �e terms F , G, and
Π(p)−Π(p̄) appear as forcings. Note that Π(p) is computed
by taking the azimuthal average a�er raising p to the κ power,
while Π(p̄) is computed by reversing the order of these two
operations. According to (4.11), the azimuthal mean absolute
angular momentum is “materially conserved" in the absence
of the eddy torque term rG, which will turn out to be themost
important forcing term in the azimuthal mean equations.

As discussed in the appendix, it is possible to express the
torque rG in terms of the pseudodivergence of the Eliassen-
Palm �ux, i.e.,

rσ̄ σP∗u∗ = ∂[r(σu)′m′]
r∂r

+

∂[−(p′/g)(∂M′/∂ϕ)]
∂θ

+

∂[σ ′m′]
∂t

.

(4.17)

One possible way to perform a diagnostic analysis of the
wave-mean �ow interaction is to plot an E-P cross-section,
i.e., to plot the Eliassen-Palm �ux vector, with radial com-
ponent (σu)′m′ and vertical component −p′(∂M′/∂ϕ), and
its divergence in the (r, θ)-plane. An advantage of this
procedure is that the tilt of the Eliassen-Palm �ux vec-
tor in the (r, θ)-plane indicates the relative importance of
the barotropic process (σu)′m′ and the baroclinic process
−p′(∂M′/∂ϕ). However, the compact form of G given in
(4.16) is well-suited for our present analysis.

4.2. Balanced model

In the primitive equation model simulations presented here
the azimuthal mean vortex remains close to a state of gradi-
ent balance, so that the azimuthal mean primitive equation
model (4.10)–(4.13) is well-approximated by the balanced vor-
tex model. �e usefulness of the balanced vortex model is
that it provides a clearer understanding of how the density-
weighted azimuthal mean radial velocity û is induced by the
eddy PV �ux σP∗u∗. Su�cient conditions for the validity of
the balanced vortex approximation are that ∣F ∣ remains small
compared to the pressure gradient and Coriolis/centrifugal

terms and that the forcing term G has a slow enough time
scale that signi�cant, azimuthal mean inertia-gravity waves
are not excited, i.e., ∣Dû/Dt∣ also remains small compared to
the pressure gradient and Coriolis/centrifugal terms. Under
these conditions, the azimuthal mean primitive equations re-
duce to the azimuthal mean balance equations

( f + v̄
r
) v̄ = ∂M̄

∂r
, (4.18)

∂v̄
∂t
− P̂

∂Ψ
∂θ
= G , (4.19)

∂M̄
∂θ
= Π(p̄), (4.20)

∂Π(p̄)
∂t

+ gΓ(p̄)∂(rΨ)
r∂r

= 0, (4.21)

where Γ(p̄) = dΠ(p̄)/d p̄ = κΠ(p̄)/p̄, and where we have
used the azimuthal mean continuity equation (4.6) to intro-
duce the streamfunction Ψ such that

(− 1
g
∂ p̄
∂t

, σ̄ û) = (∂(rΨ)
r∂r

, −
∂Ψ
∂θ
) . (4.22)

Taking the time derivative of (4.18) and (4.20), and then
eliminating ∂M̄/∂t between the resulting two equations, we
obtain

∂
∂θ
( f̄ ∂v̄

∂t
) = ∂

∂r
(∂Π(p̄)

∂t
) , (4.23)

where f̄ = f + 2v̄/r. Substituting from (4.19) for ∂v̄/∂t and
from (4.21) for ∂Π(p̄)/∂t, (4.23) becomes

∂
∂r
(gΓ ∂(rΨ)

r∂r
) + ∂

∂θ
( f̄ P̂ ∂Ψ

∂θ
) = −∂( f̄G)

∂θ
. (4.24)

Since Γ > 0 and f̄ P̂ > 0 everywhere, (4.24) is a second or-
der elliptic equation for Ψ when G is known. �us, in the
context of the gradient balance approximation, the stream-
function Ψ is determined by the instantaneous structure of
the azimuthalmean vortex through the terms f̄ , P̂, Γ(p̄), and
by the instantaneous structure of the azimuthal mean eddy
PV �ux through the term ∂( f̄G)/∂θ. In this sense, the az-
imuthal mean radial mass �ux σ̄ û and the time rate of change
of the azimuthal mean pressure on isentropic surfaces ∂ p̄/∂t
are determined by G through (4.24) and (4.22). For given
f̄ , P̂, Γ(p̄), G �elds, the resulting unique σ̄ û and ∂ p̄/∂t �elds
are those that result in a continuing state of thermal wind bal-
ance.

4.3. Absolute angular momentum budgets

Absolute angular momentum budgets were computed for the
evolution of each PV tower. Equation (4.7) was �rst re-written
as

∂m̄
∂t
= −( f + ζ̄)rû − rσP∗u∗ , (4.25)

where the �rst term on the right hand side is the mean term
and the second term is the eddy term. �e le� hand side is
the actual tendency of absolute angularmomentum. Equation
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Figure 12. Absolute angular momentum budget from t = 0 to t = 48 h for the thick hollow tower. The upper left panel is the time
integral of the mean term −( f + ζ̄)rû and the upper right panel is the time integral of the eddy term rG = −rσP∗u∗. The lower left panel
is the sum of the mean and eddy terms, i.e., the time integral of −( f + ζ̄)rû + rG. The lower right panel is the time integral of the actual
model tendency ∂v̄/∂t. In the top right panel, the radial component of the Eliassen-Palm flux vectors are overlaid, with a vector plotted
on every third radial grid point. In all four panels, isolines greater than or equal to zero are solid blue, while isolines less than zero are
dashed red.

(4.25) was integrated over 48 hours using the trapezoidal rule
on 15 minute resolution model output to obtain net changes
in the azimuthal mean angular momentum induced by each
term.

�e angular momentum budgets for the thick and thin
hollow towers are presented in Figs. 12 and 13, respectively.

In each �gure, the top le� and right panels are the time inte-
grals of the mean and eddy terms, respectively. �e bottom
le� panel is the sum of the mean and eddy terms, and the
bottom right panel is the actual change in absolute angular
momentum observed in the numerical simulation over 48 h.
�e bottom right and bottom le� panels should be similar, ac-
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Figure 13. Same as Fig. 12, but for the thin hollow tower.

cording to (4.25); however, they will not match perfectly be-
cause of the existence of di�usion and the lateral sponge layer
in the model simulations, as well as the 15 minute time dis-
cretization. In the top right panels the radial component of
the Eliassen-Palm �ux vectors, integrated from t = 0 to t = 48
h, are overlaid.�e vertical componentswere found to be very
small in comparison to the radial components, indicating that
the wave-mean �ow interaction here is primarily barotropic
in nature.

Beginning with the thick hollow tower, in the top le�
panel of Fig. 12 it can be seen that the mean term is small

nearly everywhere in the (r, θ) plane. �e most signi�cant
contribution is at r = 30 km and θ = 318 K.�e eddy term, on
the other hand (top right panel) shows a spin-down in the re-
gion 30 ≤ r ≤ 50 km and 310 ≤ θ ≤ 330 K, and a spin-up in the
region 10 ≤ r ≤ 30 km and 299 ≤ θ ≤ 330 K.�e summation
of the mean and eddy terms is shown in the bottom le� panel,
and it compares favorably with the actual change in absolute
angular momentum (bottom right panel).

A similar budget is evident for the thin hollow tower
(Fig. 13). �e mean term is small as well, with the most domi-
nant contribution near r = 35 km and θ = 318 K. However,
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there is a more pronounced spin-down at r = 35 km and
θ = 302 K. �e eddy term for the thin tower exhibits similar
behavior to the thick tower, with a spin-down in the region
40 ≤ r ≤ 60 km and 299 ≤ θ ≤ 335 K, and spin-up in the
region 10 ≤ r ≤ 40 km and 299 ≤ θ ≤ 335 K. �e addition of
the mean and eddy terms is shown in the bottom le� panel,
and it compares favorably with the actual change in absolute
angular momentum during PV mixing (bottom right panel).
�e main di�erences between this budget and the thick tower
budget is that the magnitudes of the terms are larger.

As discussed in Section 4.1, the wave-mean �ow interac-
tion may also be viewed as the divergence of the Eliassen-
Palm �ux vector, with the radial and vertical components as-
sociated with contributions by barotropic and baroclinic pro-
cesses, respectively. Note that in the top right panels of Figs. 12
and 13, the Eliassen-Palm �ux vectors point radially inward in
the region of strongest PV mixing. Also note that the vectors
are converging where the time average of σP∗u∗ is positive,
and diverging where the time average of σP∗u∗ is negative.
�us, the wave-mean �ow interaction here can also be viewed
as resulting from these radial eddy angular momentum �ux
divergences. In a sense, adiabatic PV mixing in the two con-
tinuously strati�ed examples shown here can be viewed as the
summation of barotropic PV mixing in individual isentropic
layers, with PV anomalies in di�erent isentropic layers only
weakly interacting with one another.

�e absolute angular momentum budgets indicate that
the eddy term is dominant in the spin-down of the vortex
just outside the radius of maximumwind of the initial hollow
towers and the spin-up of the vortex inside the radius of max-
imumwind. �is conclusively shows that PVmixing between
the eye and eyewall is an eddy-driven asymmetric process that
is important for vortex structural and intensity change.

�e results presented here generally support the insight-
ful angular momentum budget arguments made by Malkus
(1958), who pointed out that “one of the most amazing fea-
tures of hurricane eyes is their weak surface winds." Her argu-
ments emphasize the importance of the turbulent incorpora-
tion of high angular momentum air from the eyewall into the
eye. Although her analysis was made before the widespread
use of numerical models and before the development of the
wave-mean �ow interaction theory used in Section 4, her ap-
proach and our approach are consistent and complementary
in the sense that our approach emphasizes the role of the PV
�ux σP∗u∗, while her approach emphasizes the role of the
angular momentum �ux (σu)′m′. �e connection between
these two �uxes and their importance to the angular momen-
tum budget can be seen through (4.7) and (4.17).

5. Conclusions

Diabatic heating in the eyewall of hurricanes produces and
maintains an annular hollow tower of PV from the surface to
the middle troposphere. However, if the hollow tower is thin
enough, itmay break down, causing the diabatically produced

PV in the eyewall to be mixed into the eye, which leads to
signi�cant vortex structural and intensity change. In this pa-
per, we have examined the nonlinear evolution of such hollow
tower structures in an idealized, quasi-conservative frame-
work. Two prototypical hurricane-like hollow towers (one
thick and one thin) were constructed, and their unforced evo-
lution was examined in a primitive equation model with an
isentropic vertical coordinate.

�e primary results of this study are as follows:

• �e balanced mass �eld resulting from PV mixing be-
tween the eyewall and eye yields temperatures that are
warmer between 900 and 700 hPa (with peak warm-
ing of approximately 3-6 K near 850 hPa), so that weak
temperature inversions can form. �us, in certain in-
stances, the observed hurricane eye inversion can be
partially dynamically controlled by PVmixing on isen-
tropic surfaces. Since the vortex minimum pressure
falls in response to PVmixing, the existence of a strong
eye inversion is a signal of a deepening tropical cyclone
via this internal mixing mechanism.

• Absolute angular momentum surfaces that are initially
oriented vertically tilt in response to PVmixing that oc-
curs preferentially at lower levels. Since the observed
hurricane eyewall is an absolute angular momentum
surface above the boundary layer (Stern and Nolan
2009), these results indicate an adiabatic theory for the
formation of the hurricane eyewall tilt.

• A dynamical explanation for a PV bridge across the
hurricane eye has been proposed. Typical hurricane-
like vortices have a hollow pro�le with a PV maximum
just above the surface. Unstable PV waves grow most
rapidly at low levels, where the radial shear of the tan-
gential wind and curvature vorticity are largest, caus-
ing PV to be mixed into the eye most rapidly there.
Since the initial PV ismaximized above the surface, this
causes a PV bridge to form across the eye.

• During PV mixing events in these idealized three-
dimensional vortices, the minimum central pressure
and maximummean tangential velocity both decrease.
Rapid pressure falls were found to occur during the
break down of the thin hollow tower, thus PV mix-
ingmay complement the vortex intensi�cation process.
Absolute angular momentum budgets indicate that the
eddy-induced radially inward PV�ux term is dominant
in spinning up the vortex from the surface to middle
levels inside the initial radius of maximum wind.

• While low level eye mesovortices have been shown to
exist observationally and in barotropic model simula-
tions, these results indicate that long-lived mid-level
mesovortices may also exist in the hurricane eye. �e
mesovortices exist for long times at middle levels be-
cause unstable PV wave growth rates are signi�cantly
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smaller there. Since there is typically no airborne
cloud-water at mid-levels, such mesovortices would be
di�cult to observe remotely; however it would be inter-
esting to examine �ight level data to see if mesovortex
signatures exist there.

In closing, we wish to emphasize that the dry adiabatic
framework used here to examine PV mixing here is an over-
simpli�cation of the real atmosphere. �e PV structure in
real hurricanes is also in�uenced by nonconservative e�ects
of moist diabatic processes, surface friction, and vertical dif-
fusion, which have been neglected in this study. In particu-
lar diabatic PV production would tend to accompany the in-
ward mixing at low levels, and similarly diabatic PV destruc-
tion would likely accompany the out�ow at middle to upper
levels. Diabatic e�ects also create a secondary circulation (not
present in our study) causing PV to be increased locally when
there is vertical mass divergence and vice-versa. Future work
should be focused on studying PV mixing in more complex
scenarios. �e present work could be extended by including
surface frictional e�ects and diabatic forcing to regenerate the
PV hollow tower. In this light, it would be interesting to see if
the combined e�ects of diabatic heating and friction canmake
hollow towers less susceptible to breakdown and mixing (Wu
et al. 2009). Additionally it would be interesting to see how
this intrinsic mixing process is a�ected by vertical wind shear
and other environmental forcings. Finally, the process could
be examined inmore complex full-physics mesoscalemodels.
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Appendix: Derivation of the Taylor rela-
tion

Following Tung (1986), the primitive equation form of the
Taylor relation can be obtained by deriving an alternate form
of the absolute angular momentum principle, followed by a
comparison with the form (4.20). �e alternate derivation of
the absolute angular momentum principle begins by writing

(4.2) in the �ux form

∂(σv)
∂t
+

∂(r2σuv)
r2∂r

+

∂(σvv)
r∂ϕ

+ f σu + σ ∂M
r∂ϕ
= 0, (A.1)

and then taking the azimuthal average to obtain

∂(σv)
∂t
+

∂(r2σuv)
r2∂r

+ f σu + σ ∂M
r∂ϕ
= 0. (A.2)

�e last term on the le� hand side of (A.2) can be rewritten
using

σ ∂M
∂ϕ
= −

∂
∂θ
( p
g
∂M
∂ϕ
) + ∂

g∂ϕ
{ ∫ p

0
κΠ(p′)dp′} , (A.3)

the azimuthal average of which yields

σ ∂M
∂ϕ
= −

∂
∂θ
( p
g
∂M
∂ϕ
) = − ∂

∂θ
( p
′

g
∂M′

∂ϕ
) . (A.4)

Using (A.4) in (A.2) and noting that σu = σ̄ û and σv =
σ̄ v̄ + σ ′v′, we obtain

Dm̄
Dt
= −

1
σ̄

⎧⎪⎪⎨⎪⎪⎩
∂[r(σu)′m′]

r∂r

+

∂ [−(p′/g)(∂M′/∂ϕ)]
∂θ

+

∂[σ ′m′]
∂t

⎫⎪⎪⎬⎪⎪⎭
,

(A.5)

where m′ = rv′ and D/Dt is de�ned by (4.14). Since the le�
hand sides of (4.11) and (A.5) are identical, the right hand
sides of these two equations must be equal, which results in
the nonlinear Taylor relation (4.17).
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